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LETTER TO THE EDITOR

Coupled-channel scattering and separation of coupled
differential equations by generalized Darboux transformations

F Cannatat and M V loffet

# Dipartimento di Fisica and INFN, Via Irnerio 46, 40126 Bologna, Italy
¢ Department of Theoretical Physics, University of St Petersburg, 198904 St Petersburg,
Russia

Received 9 November 1992

Abstract, General methods for separation of coupied differential equations are applied in
coupled-channet scattering theory with appropriate asymptotic conditions. It is shown that
the problems with thresholds cannot be separated. Finally it is pointed out that separation
of the coupled-channel s-wave problem without thresholds can be realized by the use of
generalized Darboux transformations.

Recently there have been extensive studies of separation of coupled systems of differen-
tial equations (Humi 1985, Cao 1992 and references therein, Cannata and Ioffe 1992).
Cannata and loffe (1992} had specifically the aim of discussing coupled-channel
scattering theory. Here we want to generalize the resulis obtained previously, we point
out the connections between Humi (1985), Cao (1992) and Cannata and Ioffe (1992)
and discuss the difference between the cases with thresholds (Amado et al 1988a) (also
referred to as non-resonant (Cac 1992}) and the ones without thresholds (Amado et
al 1988b, Cannata and loffe 1992) (also referred to as resonant (Humi 1985)). The
distinction between these two cases stems from the necessity of imposing proper
boundary conditions at infinity and can be formulated in a rather general framework
which allows for higher-order (higher-derivative) Darboux transformations (Infeld
and Hull 1951, Amado er al 1990, Andrianov et al 1993).

For simplicity we shall restrict ourselves to two coupled channels and describe the
radial s-wave equations corresponding to a gquantum mechanical off-diagonal
Hamiltonian: ) v

HOPpe(r)=(—d 0o+ oo Be(r)+ oy ny(N+ oy ny(r))e(r)=E- ¢e(r) (1)

where ¢ is a two component column, ¢ (the Pauli matrices) are defined as:

_(1 0) _(0 1) cr—(l 0)
0=\0 1 R PR 3T\ -1

and n(r) are real functions (0= r <w0). The term like @, - ny(r), with

_(0 —i)
R U

is excluded if we require (Hermiticity) that n, is real and the potential matrix should
be real. We shall assume that », >0 for r-»00, A priori we allow ng, ny to approach
constant values ¢, and c; at infinity. If in particular ¢y, ¢;-» 0 we obtain the no-threshold
(resonant) case.
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The solution to the problem will be searched for in terms of solutions of a system
of equations which is separated (decoupled)

HOYe(r)= (=8 o0+ oo - mo(r)+ o3 - my(r))gs(r) = Bie(r) (2)
where the equivalence of equation (1) and equation (2) is given by the fact that, with
exception of a restricted number of states, we require

Qe = ¢z. (3)
Q is a differential operator (Anderson and Camporesi 1990, Anderson 1991) like:

Q=2 A,(r)a"

where A, (r) are matrix-valued functions and the sum can be truncated to n=0, 1, 2,
ete, giving thereby rise to various matrix differential operators already discussed in
the literature.

The equivalence of #°" and #° can also be expressed by the well known inter-
twining relations

QP = H°PQ. {4)
In the context of scattering theory #°° and ¥ are identical at infinity (n, -0 for
r~» 0}, Then the intertwining relation (4} at infinity implies that in presence of thresholds
(see, however, the remark later on)
Qu=a(r,8)os+ (1, 8)as.

When there are no thresholds there is no such restriction on Q-
A physical interpretation of this algebraic resuit can easily be obtained by consider-
ing the action of Q. on asymptotic states (Amado et al 1988a):

- (e—iklr_l_sll) eiklr) ‘,t‘oo ( 0 )
{!’1,5 0 z,E e—ikzr_‘_ S? eik.zl'

with E=1I+ ¢yt cs=K5+¢y—
If we require

Q= ¢F
with
—iklr+ S?,D c“‘:"
¢£ ¢l E ( S{l)zD eik.zr )
or

o qbw _ Sl?l. elk r
¢E=tre e~thar 4 §OD gikr

it is clear that (. has to be diagonal in the presence of thresholds (k, # k,} in order
to preserve the correct structure of the exponentials.

The importance of the previous result is made apparent by the fact that if we search
in general (irrespectively of thresholds) for the linear combination of ¢ and ¢35 which
leads (when acted by Q) 10 ¢7 or ¢5 we find that 2 solution with off diagonal S°°
is possible only for Q.. off-diagonal (see, e.g. equation (14) of Cannata and {offe 1992).
We thus conclude that the problem of coupled channels with thresholds cannot be separated
and from now on we will restrict ourselves to problems without thresholds (resonant case).
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The problem of separation of coupled-channel scattering amounts to finding #°
and Q starting from a given 5¢°C. The search for Q has been the subject of previous
investigations (Humi 1985, Cao 1992) which, however, did not focus attention on the
appropriate asymptotic conditions relevant for scattering. From the previous consider-
ations it is clear that for the scattering problem only an off-diagonal Q,, can be accepted.

While the previous considerations have not made use of any explicit form for Q
from now on we will discuss explicit realizations given in the literature. We only briefly
mentjon the case which can be diagonalized by a constant matrix A (ny(r) # 0; n,(r) #
0, ny(r)=0) (London 1932).

The classical expression for @ is the well known Darboux transformation:

Q(r,a)=A(r}+ B2 (5}
where A(r) and B (independent of r) are in general 2 x 2 matrices.
Humi {1985) has studied the case B = ¢, and Cannata and Ioffe (1992} B=o,+ 0.

The connection between these two treatments is obtained by multiplying Q by a
constant unitary matrix T (Andrianov ef al 1992). The intertwining relations (4) yield:
TQ¥#® = TH°°P T TQ.

Since the operator T#°PT™! can be interpreted as the operator #°P after a change
of basis we can interpret TQ to be the new operator which satisfies equations (3) and
(4). It is clear that if the transformation matrix is taken as T =%(o,+ ;) we realize
the equivalence between the two choices provided TQ, is still off-diagonal.

In explicit realizations the matrix Q of equation (5) depends on the functions n(r)
of equation (1).

In particular in Cannata and Ioffe (1992) the parametrization of A (equation (3))
dictated by the form of B = &+ o5 and by the requirement of separation is

( W —Wie+e/ so)
W-¢ W-o'/e
where W and ¢ are arbitrary functions to be expressed in terms of ng,n,, 73 of

equation {1).
One can easily obtain

=3 _[ na(y) dy

A:

W= ()[ch(qo +¢’)+j (n.(y}rp(y))dy}

with ¢ an arbitrary constant. The necessary compatibility condition in the sense
discussed by Humi (1985) and Cao (1992) is

2y =2W?+ ¢2+£—2W(¢: +5"—').
¢ @
Next in order of complexity is the ansatz:
Q"(r,8)=A(r)+ D(r)a+ 4
=qy(r) + oot a(r) - o+by(r) - 0o+ b(r) - oa+ad’ (6)

A reparametrization of (6} can be obtained by the factorization:
QU(Y, W)= (a+ V(r))(a+ W(r)) (7)
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where V(r) and W(r) are arbitrary matrix-valued functions. The connection between
the two parametrizations is given in terms of a matrix Riccati equation:

(W=3D)’—(W—-3D) -iD*—iD'+A=0
V=D-W.

We would like to stress that in order to avoid extensions which are trivial for our
separation purposes we have to show that such Q' cannot, in general, be reproduced
multiplying a first-order differential operator like in equation (3) by a similar diagonal
operator. We therefore study the conditions for such trivial extension QfLvia;

i = (@+ V()@ + WP(r)) (8)
with
WD(’) =wo(r) » oot wy(r) * o3
and
V{r)=uvylr) oo+ ov(r) o
The equality of (6) and (8} leads to the following conditions:
(vt 03)* + (0 £ 13) = (Do £ 13) (B £ bs) — (Bot B3) + (@ a;) =0 9

where v, and v, should be written as solutions of the linear equations:

(b) ibz ) (Uo) - (bub1+ib3bz— al)
bz ‘_ibl U; bobz_iblb3_a2
and v, and v, can be expressed in terms of these functions. Equation (9), as a constraint
imposed on the parameters a and b, expresses the condition for triviality.
The results support the view that the ansatz (6) is in general not a trivial extension

of (5). The generalization of our algebraic results to the N x N case seems rather
straightforward.
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